Abstract. This paper deals with the structural and stability properties of the averaging approximation scheme for linear retarded functional differential equations. Both in the discrete-and in the continuous-time case the structure of the approximating systems is shown to be analogous to the structure of the underlying retarded equation. Moreover, it is shown that the approximating systems are exponentially stable in a uniform sense if the original system is asymptotically stable.
structural operators do for the RFDE. Moreover, it is shown that these matrices actually converge to the corresponding structural operators. These results have several important consequences. For example, they lead to a uniform convergence result for the resolvent operators and they are crucial for the proofs of the stability results in 4.2.
In the preliminary 2 we give a brief overview over some recent results in the theory of linear retarded systems in the product space framework and describe the averaging approximation scheme. Section 3 is devoted to the study of the structure of the approximating systems which is shown to be analogous to the structure of the underlying RFDE under several aspects. A number of convergence proofs is then given in 4.1 and two stability results are proved in 4.2. In the appendix ( 6) we prove two functional analytic results which are frequently needed in 4. In particular, we give a quantitative estimate for the equivalence of LP-stability and exponential stability for strongly continuous semigroups. b G m2. The fundamental solution of (2.1) will be denoted by X(t)mR"", t>--h, and corresponds to the initial condition X(0)=/, X(z)=0, -h_-<z<0. It can also be characterized by the Volterra integral equation
X( t) I-q(s-t)X(s) ds
and its Laplace transform is given by A(,) -1 where A(A)=AI-L(ea), h C, is the characteristic matrix of (2.1).
Proofs of these facts can be found e.g. in Hale [10] or Delfour-Manitius [7] . 2 x'(r) dn(')x(t+'-r)+fl(r-t),
The evolution of this state (x(t), x)e M is described by the semigroup S*r(t) (see e.g. Bernier-Manitius [3] or Salamon [20] ).
Summarizing this situation, we have to deal with the following four semigroups" S(t) ST(t) s*( s* ).
The semigroups on the left correspond to the RFDE (2.1) and those on the right to the transposed RFDE (2.4 [14] and Delfour-Manitius [7] . (i) S(h)= GF, S*r(h)= FG.
(ii) FS(t)= S*r(t)F, S(t)G= GS*r(t), t>=O. In this section we briefly describe an approximation scheme for RFDE's which has been studied by Repin [18] , Banks-Burns [1] , [2] , Gibson [9] (2.14) ffv (t) (Ar)*wN(t), on "+). The following theorem has been proved in Banks-Burns [2] . and Gibson [9] . Full discretization. A fairly general and extensive study of full discretization methods for RFDE's can be found in Reber [17] and Rosen [19] . Since the aim of this work is to explore the special structure of the averaging approximation scheme described above, we content ourselves with the consideration of a simple one step Euler approximation for the ODE (2.10) which has also been studied by Delfour [6] and Reber 17] for time varying systems.
Replacing the derivative in (2.10) by a difference quotient with step size h/N, we get the difference equation 3. The structure of the approximating systems. It is the goal of this section to analyse in detail the structure of the approximating systems (2.10), (2.14) and (2.15) respectively (2.17) . It is shown that there is a strict analogy to the structure of the underlying RFDE (2.1) as it has been described in 2. (3.4) can be regarded as a one step Euler approximation for the ODE (2.14). x Xrfo +--j--o Now we introduce the matrices (3.8) (2.18) andf
is the forcing term of (3.1) defined by (3.2 j=l,'' .,N, and hence to (3.13 Step Step 2, F < <--max { 1, VAR (r)}, ' Step 2. Let z ,(N+I) and j (1,. , N}. Then In the case j 0 this equation leads to the desired expression for [ONx] . (i) has been stated without proof by Delfour [6] . The strong convergence of S(t) has been shown by Reber [17] and Rosen [19] . 4 It follows easily fromLemma 4.2 that the stability of the RFDE (2.1) also implies the stability of the approximating continuous-time systems (2.10) and (2.14) if N is sufficiently large (the precise arguments are given in the proof of Theorem 4.9 below). However, a uniform estimate in the spirit of Theorem 4. 8 has not yet been proved in the literature on these approximation schemes. It has been stated as a conjecture by Gibson [9] and provides--in that paperma crucial step in the convergence proof for the solutions of the algebraic Riccati equation. Repin [18] also claims the uniform stability of the approximating systems (2.10), however, his arguments are extremely unclear and it seems almost impossible to convert them into a rigorous proof. The following theorem closes this important gap in the approximation theory of RFDE's and may be considered as the main result of this paper. Proof. First of all it is easy to see that xaNx <= 0 for every x RN and every N N.
Hence it follows from a well-known result in semigroup theory that (4.4) [ Together with (4.4) this estimate proves the statement of step 2 (Theorem 6.2, p-1).
More precisely, eo> 0 may be chosen to be any constant less than 1/h.
Step 5 . Conclusions. The present paper studies in detail ceain finite dimensional approximations for linear retarded systems, namely the averaging approximation scheme, both a continuous and a discrete time version as well as the relation between these two. It turns out that these finite dimensional approximations show--under several aspectsprecisely the same structure as the underlying RFDE. In paicular, the duality relations are of the same type and there are ceain structural operators which play an impoant role for the description of the approximating systems and are analogous to those which have recently been introduced by Bernier-Manitius [3] , Manitius [14] , Delfour-Manitius [7] for the study of RFDE's. Moreover, it is shown that these operators actually converge to the corresponding operators in the theory of retarded systems. One of these convergence results, namely Theorem 4.6, is only a slight extension of a corresponding result by Reber [17, Thm. 7.5] .
Based on this detailed analysis of the structure of the approximating systems, it is shown that both the discrete-and the continuous-time approximations are stable in a uniform sense if the underlying RFDE is asymptotically stable. Such a result is by no means obvious and not all approximation schemes have this propey. For example, it is shown in that spline approximations for RFDE's can never have the propeyofuniform stability. Neveheless, the uniform stability result provides a crucial step in the convergence proof of Gibson [9] for the solutions of the algebraic Riccati equation. Moreover, the structural matrix F v introduced in this paper allows a factorization of the approximate Riccati operator in precisely the same manner as it is shown in Kappel-Salamon [12] for the spline approximation scheme. Finally, it seems likely that the uniform stability results of this paper have some implications for the construction of finite dimensional compensators for RFDE's. This is a research problem for future investigations. The next result is a quantitative estimate for the equivalence of LP-stability and exponential stability for strongly continuous semigroups. This equivalence has been proved--for the case p 2nby several authors, see for example Datko [5] , CurtainPritchard [4] , Przyluski [16] . But none of these give the desired quantitative estimate which is essential for the proof of uniform stability in Theorem 4.9. Again in the case p =2 such a quantitative estimate can be found without proof in Gibson [8] . We mention that some of the ideas in the proof of the theorem below are taken from Przyluski [16, Prop. 
